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Magnetic Fields

• 1 MeV2 = 1.44× 1013 Gauss, m2
π ∼ 2.8× 1017 Gauss

• In heavy ion collisions: 1018 to 1019 Gauss (∆t ∼ 10−24s)

• Compact stars: 1010 to 1015 Gauss

• Early Universe: up to 1024 Gauss

Illustration by Carin Cain
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Landau Levels

• Free energy spectrum

E
3+1
n (p3) = ±

√
(2n+ 2s3 + 1)|eB|+ p2

3

where s3 = ±1
2 and n = 0, 1, 2, ...(orbital)

• An assumption of free quark in 3-direction while

B →∞

E
3+1
0 (p3) = ±|p3|

• Propagator looks moving in 1 + 1 dimension

/S(p) ≈ ie−
p2⊥
|eB|p0γ0 − p3γ3 +m

p2
0 − p2

3 −m2
(1−iγ1

γ
2
sgn(eB))
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Fermi Propagator at Constant Magnetic fields

• Integral Representative c.f. (J. Schwinger, Phys. Rev. 82, 664 (1951))

/S(k) = /D(eB, k)

∫ ∞
0

ds exp

[
is

(
k

2
q −m

2 − k2
⊥

tan(eBs)

eBs

)]
where /D(eB, k) = (/kq +m)

(
1 + γ1γ2 tan(eBs)

)
− /k⊥

(
1 + tan2(eBs)

)
.

• Summation Representative c.f. (A. Chodos and K. Everding, Phys. Rev. D 42, 2881 (1990))

/S(k) = i exp

(
−
k2
⊥

eB

) ∞∑
n=0

(−1)
n /Dn(eB, k)

k2
0 − k2

3 −M2 − 2neB
, O± =

1± iγ1γ2

2

where /Dn(eB, k) = 2/kqO
−Ln(

2k2
⊥

eB )− 2/kqO
+Ln−1(

2k2
⊥

eB ) + 4/k⊥L
1
n−1(

2k2
⊥

eB ).

• Laguerre Functions c.f. (A. Jeffrey and D. Zwillinger, Table of Integrals, Series, and Products)

∞∑
n=0

t
n
L
α
n−β(x) =

tβ

(1− t)α+1
exp

[ −tx
1− t

]
, |t| < 1 and L

α
m = 0 if m < 0.
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The Statement of Dimension Reduction

c.f. (V.P. Gusynin, V.A. Miransky and I.A. Shovkovy, Nucl.Phys. B 462, 249 (1996) )

HENPIC @ online December 12, 2013 5



Quadratic Divergence

However:

coth(x) =
1 + e−2x

1− e−2x

x→0
=

1

x
and

m|eB|
4π2

∫ ∞
1

Λ2

ds

s
e−sm

2
coth(eBs) ∼ m

4π2

∫ ∞
1

Λ2

ds

s2
e−sm

2

∝ Λ2

It is a quadratic divergence as general Fermi field moving in d = 4, not d = 2.
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Logarithmic Divergence in d = 2

Recalculate the chiral condensate in d = 2,

〈0|ψ̄ψ|0〉 ∝
∫

d2k

∫
1

Λ2

ds exp

[
−sm2 − k2tanh(eBs)

eB

]

= (eB)

∫
1

Λ2

ds
e−sm

2

tanh(eBs)

∼ ln
Λ2

m2

The native power counting behavior of Fermi field at constant magnetic fields is
determinant by dimension and same as without B.
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Dimension Regularization

The one loop effective potential is

Ωeff ∝
∫

ds

∫
d
d
p exp

[
−s(m2

+ p
2
q + p

2
⊥

tanh(eBs)

eBs
)

]
= (eB)Γ

(
d

2
− 1

)∫
ds s

1−d2e
−sm2

coth(eBs)

= (eB)Γ

(
d

2
− 1

) ∞∑
n=0

∫
ds s

1−d2e
−s(2neB+m2)

(1 + e
−2eBs

)

∼ (eB)Γ

(
d

2
− 1

)
Γ

(
2−

d

2

) ∞∑
n=0

(
2neB +m

2
)d

2−2

which has pole locate in d = 2, 4, 6, .... We have used the geometric summation:

1

1− e−x
= 1 + e−x + e−2x + ...
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Casimir Effect

It is well known for Physicist and Mathematician, that

∞∑
n=0

1 = −
1

2
,

∞∑
n=0

n = −
1

12
,

∞∑
n=0

n
2

= 0.

the negative sign in the second term explain the Casimir

Effect perfectly, because vacuum energyE0 = π~c
L

∑∞
n=0 n.

c.f. (A. Lambrecht, Physics World, September 2002.)
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Regularizing Divergent Series

Or, generally speaking, c.f. (A. Jeffrey and D. Zwillinger, Table of Integrals, Series, and

Products)
∞∑
n=0

1

(n+ v)s
= ζ(s, v)

where

ζ(0, 0) = −1

2
, ζ(−1, 0) = − 1

12
, ζ(−2, 0) = 0.

Riemann Zeta function regularization is equivalent to the Zero Point Energy
subtraction procedure of the Casimir effect.

Tip: Zeta and its related functions are natural candidate to deal with the
summation of all Landau levels and remove the associated infinities.
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Back to d = 4− ε

Γ

(
ε

2

) ∞∑
n=0

(
2neB +m

2
)4−ε

2 −2

=

∞∑
n=0

(−γ − log(2eB))−
∂

∂α

∞∑
n=0

(
n+

m2

2eB

)α ∣∣∣∣
α=0

=
1

2
(γ + log(2eB))− ζ

′
(

0,
m2

2eB

)

=
1

2
(γ + log(2eB) + log(2π))− log Γ

(
m2

2eB

)

Ωeff =

{
m2 logm2 B → 0;
eB log(eB) B →∞.
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Regulator ε⊥

An example of the regulator ε to sum infinity series:

∞∑
n=0

n =

∞∑
n=0

∂

∂ε
eεn =

∂

∂ε

1

1− eε
=

eε

(1− eε)
2

Note: to distinguish the ε which have used in dimension regularization, we employ ε⊥ to denote

summation regulator in the future.
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Lerch-Zeta Function

c.f. (A. Jeffrey and D. Zwillinger, Table of Integrals, Series, and Products)

Φ(z, s, v) =
1

Γ(s)

∫
dτ

τ s−1e−vτ

1− ze−τ

for Re (s) > 0 ∩ |z| ≤ 1 ∩ z 6= 1; Re (s) > 1 ∩ z = 1.

Therefore, at d = 4− ε, under the help of regulator e−ε⊥ = z,

Ωeff = (eB)Γ

(
d

2
− 1

)∫
ds s

1−d2e
−sm2

coth(eBs)

= (eB)
d
2−1

Γ

(
d

2
− 1

)∫
dτ τ

1−d2
1 + e−2τ

1− ze−2τ
e
−τ m

2

2eB

= (eB)
d
2−1

Γ

(
d

2
− 1

)
Γ

(
ε

2

)(
Φ

(
z,
ε

2
,
m2

2eB

)
+ Φ

(
z,
ε

2
,
m2

2eB
+ 1

))

where τ = eBs.
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Properties of Lerch-Zeta Function

c.f. (A. Jeffrey and D. Zwillinger, Table of Integrals, Series, and Products)

• Limiting behaviors

lim
z→1

Φ(z, s, v) =
Γ(1− s)

(1− z)1−s + ζ(s, v) for Re (s) < 1;

lim
z→1

Φ(z, 1, v) = − log(1− z)− ψ(v) for s = 1.

• Derivatives

DzΦ(z, s, v) =
1

Γ(s)

∫ ∞
0

ze−ττ s−1 exp(−vτ)

(1− ze−τ)2
dτ

DzΦ(z, s, v) = Φ(z, s− 1, v)− vΦ(z, s, v)
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Effective Potential, again

Physicists are always bold to discard the infinites. But, the left

Ωeff ∝ lim
z→1

Γ
(ε

2

)
Φ

(
z,
ε

2
,
m2

2eB

)
=

2

ε2
− γ
ε
− γζ

(
0,
m2

2eB

)
+ ζ

′
(

0,
m2

2eB

)
Different ways to obtain the same accurate and quantitative results.
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Dimension Reduction of Neutral Fields

Before, based on the statement of dimension reduction of fermi field at strong
magnetic fields limit. It is general accepted that the neutral fields affect deeply by
the Lowest Landau Level Fermi fields.

c.f. (K. Fukushima and Y. Hidaka, Phys. Rev. Lett. 110, 031601 (2013))
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Photon Propagator in the Strong Field

c.f. (B. Jancovici, Phys. Rev. 187, 2275 (1969);

G. Calucci and R. Ragazzon, J. Phys. A 27, 2161

(1994); V. P. Gusynin, V. A. Miransky, and I. A.

Shovkovy, Phys. Rev. Lett. 83, 1291 (1999))

πq(k
2
q ) ∝ eB

m2
, as k2

q � m2;

πq(k
2
q ) ∝ eB

k2
q
, as k2

q � m2;

π⊥(k2
q , k

2
⊥) = 0.
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An Application of Lerch-Zeta Function

Πµν = Tr[/S(k)γµ/S(p)γν]

where p = k + q.

Π
µν

=

∫
dΓ

∫ ∞
0

dτ I
µν
τ exp

[
−
(
k̂q

2
− x(1− x)q̂q

2
+ M̂

2
+ nx+m(1− x) + iε

)
τ
]

where M̂2 = M2/(2eB) and q̂2 = q2/(2eB). We have added a regulator z2 = e−ε⊥ in each

summation,

dΓ = (−1)
n+m

∞∑
n=0

z
n
2

∞∑
m=0

z
m
2

∫ 1

0

dx

∫
d2−εk̂q

(2π)2

∫
d2k̂⊥

(2π)2
exp

[
−2k̂

2
⊥

]
exp

[
−2p̂

2
⊥

]
I
µν

= A
µν

(LnLm + Ln−1Lm−1) + B
µν
Ln−1Lm + C

µν
L

1
n−1L

1
m−1
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An Application of Lerch-Zeta Function, cont

According to the properties of Laguerre polynomials, we are able to transfer the
summation of Landau level to a general easy way, and such as:

∞∑
n=0

∞∑
m=0

(−1)(n+m)e−nxτz
n
2 e−m(1−x)τz

m
2 Ln(4k̂⊥

2
)Lm(4p̂⊥

2)

=
1

1− t1
exp

[
−4t1k̂⊥

2

1− t1

]
1

1− t2
exp

[
−4t2p̂⊥

2

1− t2

]

where t1 = −
√
ze−xτ , t2 = −

√
ze−(1−x)τ .

Π
µν

=
1

(4π)2

∫ 1

0

dx

∫ ∞
0

dτ
τ
ε
2e
−
(
M̂2−x(1−x)q̂2+iε

)
τ

4(1− ze−τ)
π
µν

All information transfer to the knowledge of Lerch-Zeta function.
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Details of Tensor Structure

πµν =

(
−εg

µν
q
τ
− x(1− x)

(
4qµq q

ν
q − 2gµνq q2

q
)

+ 2gµνq M2

)(
1 + e−τ

)
+ (−2εgµν⊥ + 4gµνq )

e−τ

1− ze−τ
+ gµν⊥

(
4

τ
+ 4x(1− x)q2

q + 4M2

)
e−(1−x)τ

−4x(1− x)
(
2qµ⊥q

ν
⊥ + 2qµq q

ν
⊥ + 2qµ⊥q

ν
q − gµνq2

⊥
) τe−τ

1− ze−τ

Πµν = Pµνq (q2)πq + Pµν⊥ (q2)π⊥

where Pµνq (q2) = qµq q
ν
q − g

µν
q q2

q and Pµν⊥ (q2) = qµqν − gµνq2 − Pµνq (q2).
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Interpretation of π

πq =
1

4π2

∫ 1

0

x(1− x) lim
z→1

[Φ(z, 1, v) + Φ(z, 1, v + 1)] dx

= −
1

4π2

∫ 1

0

x(1− x) [ψ(v) + ψ(v + 1)] dx

π⊥ =
1

2π2

∫ 1

0

x(1− x) lim
z→1

DzΦ(z, 2, v)dx

= −
1

2π2

∫ 1

0

x(1− x) [ψ(v) + vζ(2, v)] dx

v =
M2 − x(1− x)q2

2eB

Because ψ(x) → lnx for x → ∞. π⊥ and πq are real and analytic. They
logarithmically divergent if v → ∞, i.e. when M2 � q2 & M2 � eB. Such
logarithmic divergence is same as the vacuum polarization without B. A counter
term has to be included:

π̂q,⊥(B, q2) = πbareq,⊥ (B, q2)− πq,⊥(B, q2 = 0)
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Threshold of Pair Production

In the large momentum limit, beginning at q2 = 4M2, it yields a kinematic condition to create

an imaginary part of πq(q
2), while as the threshold of π⊥ is q2 = 4(M2 + 2eB). Similar result

also has obtained in c.f. (K. Hattori and K. Itakura, Ann. Phys. 330, 23 (2013); F. Karbstein,

Phys. Rev. D 88, 085033 (2013).K. Ishikawa, D. Kimura, K. Shigaki and A. Tsuji, Int. J. Mod.

Phys. A 28, 1350100 (2013).)

When v < 0 and/or v+1 < 0, Di-gamma function ψ has simple poles at non-positive integer.

Let

N =

⌊ 1
4q

2 −M2

2eB

⌋
floor

The quantum states of virtual particles are occupied up to the N-th Landau level! N is at least

equal to 0 in the chiral limit M → 0. Also:

Imπq,⊥(q
2
) ∝

π

3

√1−
4M2

q2

(
1 +

2M2

q2

)
+

√
1−

4M2 + 8eB

q2

(
1 +

2M2 + 4eB

q2

)
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Results, Some Out of Expectations

• The transverse part of vacuum polarization is not damped.

• Transverse and longitudinal parts are closing to uniform in the weak B limit.

• The vacuum polarization is pure real if below the energy threshold q2 < 4M2.

• Beyond the threshold, the imaginary part is the dominant contribution of π(q2).

• The imaginary part always exists and is important in the chiral limit.

• The LLL approximation is only valid for massive Fermions and the results are
only correct in the region where eB �M2 � q2.
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Conclusions

• Magnetic fields open a new window in the study of QCD matter at extreme
condition.

• It is very dangerous to cut off the Landau levels to several ones.

• Lerch-Zeta function is powerful to regularize the summation of infinity series.

• Chiral limit, M → 0 and strong field limit, B →∞ are non-communication.

• Recalculating the gap equation with full Landau levels consideration at external
magnetic fields is necessary. c.f. (Lang Yu, in preparation)
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Thank You for Your Attention !
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